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Abst rac t - - In  this paper, we study the blow-up of the solution of a degenerate nonlocal nonlinear 
system describing the distribution of temperature and potential in thermistors. We give conditions 
on electrical and thermal conductivities under which blow-up will occur. 
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1. INTRODUCTION 
In this paper, we discuss nonexistence and unboundedness of a global solution for the nonlocal 
nonlinear thermistor problem. This work is inspired by a paper of Allegretto and Xie [1], where 
existence and nonexistence of steady state solutions of a nontocal thermistor problem were stud- 
ied. We recall that thermistors are electrical devices whose resistivity depends on temperature. 
There is a great deal of literature devoted to the investigation of nonlinear systems modeling 
thermal and electrical processes in thermistors (see, for example, [1-3] and references therein). 
In particular, Lacey in [3] studied a nonlocal one-dimensional thermistor model with constant 
thermal conductivity and showed the blow-up of solutions under certain conditions on the electri- 
cal conductivity. The system of nonlinear partial differential equations considered in [1] describes 
the distribution of temperature u and potential ~ in the thermistor assuming the presence of a 
constant current source. It was proved in [1], that for large current I the problem has no smooth 
steady state solutions under certain restrictions on the thermal and electrical conductivities and 
the shape of the thermistor. 
In the present paper, we consider the corresponding evolutionary thermistor problem with 
thermal conductivity k(s) and electrical conductivity a(s) tending to zero when s ~ oo. This be- 
haviour of k and G is typical of that encountered in thermistor structures that arise in microsensor 
applications. We are interested here in the nonexistence and unboundedness of solutions and, 
in particular, we prove, using methods developed in [1,2], that for the large current I, solutions 
blow-up under the conditions of the convergence of f~  k(s) ds or foo a(s) ds. 
We consider the following system of nonlinear equations in the cylinder f tx  {t > 0}, where fl 
is a smooth-bounded domain that may be considered to be in R 3 = {(x, y, z)} without loss of 
generality: 
ut  - v(k(u)Vu) = A(t )eG(u) lV~I  e, x • fi, t > 0, 
-v (~(u)V¢)  = 0, x • fl, t > 0, 
(1.1) 
(1.2) 
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and we associate with (1.1) and (1.2) the following boundary and initial conditions. We decom- 
pose the boundary of Ft into two ways: 0~t = So U $1 U $2 and 0Ft = FD U FN; and we impose 
the following mixed boundary conditions: 
a¢ 
¢----0 on So × {t > O}, ¢=1 onS l×{t>0},  c~--~=0 
Ou 
u ----- 0 on F D X {t > 0}, On 0 
and initial conditions 
on $2 x {t > 0}, (1.3) 
on FN x {t > 0},(1.4) 
0) = u0, ¢(x, 0) = ¢0. (1.5) 
Finally, the total current through the part of the boundary $1 is represented by a nonlocal 
condition 
I(t) = A(t) a(U)~nn, (1.6) 
1 
where I(t), A(t) are positive smooth functions, I is given, and A is to be determined. 
DEFINITION. The triplet (u, ¢, A) is called an almost classical solution of (1.1)-(1.6) if u, ¢, A 
exist t'or all t > O, and u, ¢ are classical everywhere except at So n $2, $1 N $2, F D C1F N for t > 0. 
We impose the following conditions on uo, ¢0, k, or, I, and the boundary of Ft: 
(H.1) uo, ¢0 are nonnegative and smooth in ~; 
(H.2) a(s), k(s) • C1(• +) n L°°(R+), where ]~+ = {t > 0} and a(s), k(s) > 0 for s > 0; 
(H.3) there exist positive constants I0 and I1 such that f :  I(s) 2 ds > t I  2 - 11; 
(H.4) (1) SO, Sl,S2,FD,rN are smooth; 
(2) FD, So, $1 are nonempty closed subsets of cgFt. 
Note that (H.3) holds if, for example, I(t) =_- constant or I(t) is a periodic function with 
period T. Moreover, we suppose that the following essential hypothesis holds. 
(H.5) There exist two planes, which we may choose without the loss of generality to be z = a 
andz  = b forsome0 <a < b, suchthat  ~n{(x ,y ,z )  I a < z_< b} = A× [a,b] where 
A denotes a smooth domain in R 2. Furthermore, So C ~t n {z < a}, $1 C ~t N {z > b} and 
0u_  {a< <b}. ~-~ - 0 on 0Ft n z 
The last hypothesis means that we require that our thermistor have a small cylindrical part, 
but we do not impose any restrictions on the rest of the thermistor. In electrical engineering, 
this situation corresponds to the so-called narrowing process, i.e., the case when, due to possible 
process malfunction, the thermistor has a part which is much narrower than the rest of the device. 
We show that there is a current value, determined by the narrow region, such that blow-up occurs 
if the input exceeds this value. Note that the model considered in [3] requires that the whole 
thermistor have cylindrical shape. 
2. MAIN  RESULTS 
First, let a(s) satisfy the following condition: 
(R.1) foo a(s) ds < co, a'(s) < O, for all s _< 0. 
In particular, (R.1) implies that a(s) --* 0 as s -* cx~. Then, we have the following theorem. 
THEOREM 2.1. Let hypothesis (H.1)-(H.5) and (R.1) hold. Then there exists a value i > 0 such 
that ffI0 > I, problem (1.1)-(1.6) does not have any a/most classical solution (u, ¢, A). 
PROOF. Suppose that we can find an almost classical solution (u, ¢, A) of problem (1.1)-(1.6). 
Then, observe that (u, ¢) is classical in QA = {x E A × [a, b], t > 0}. Equations (1.2) and (1.3) 
imply that for any a < z < b 
' / ( t )  = 1 = (c )  
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where A(z) = {(x, y, z) I (x, y) E A}. Using HSlder's inequality, we conclude that 
I (t)2 <- A(t)2It(A) /A a2(u)lV¢12' 
(c) 
(2.2) 
where It(A) denotes the usual Lebesgue measure of the domain A. Next, we introduce the function 
Y(z, t) = a(s) ds dx dy, 
(~) (~,y,~,t) 
where z E (a, b). Condition (R.1) and the positivity of u imply that Y(z, t) is well defined and 
nonnegative. Taking the derivative of Y (z, t) with respect o t and using equation (1.1), we obtain 
.'(z,,l: - i. " ( ' ) """ :  - J. E.(.).(,(u)..)+,i,)'.'(.)i.+i'l ..... (z) (z) 
Since 
~(u)V(k(u)Vu) = V(¢(u)k(u)Vu) - a'(u)k(u)lVul 2, 
the assumption that a'(u) < 0 and (2.2) yield that 
Y'(z,t) = -- /A V(a(u)k(u)Vu)dxdy + /A a'(u)k(u)lVu]2 dxdy 
(z) (z) 
- f .  ~,(t)~(u) lV~l ~~x~y _< - f .  V(~(u)k(u)Vu)dx~y- - -  
(z) (~) 
I(t) ~ 
#(A)' 
(2.3) 
To deal with the integral of the right-hand side of the last inequality, we apply the transform 
w = fo k(s)a(s) ds and get 
- V (<~(~)k(~)Vu)  dxdy  = - + - -  + wdxdy .  (.) (.) ~ Oy 2 
Observe now that since ~n = 0 on {OA x [a, b], t > 0} and the normal to the cylinder A x [a, b] 
has no z-component, hen 
i. (o. (z) ~ + wdxdy = 0, (2.4) 
and therefore, 
- - 02 w dx dy] 
/A(z) V(a(u)k(u)Vu)dxdy COZ2[]A(z) " 
Obviously, {(z, t) = fA(~)w dx dy is positive for a < z < b and t > 0 and is sufficiently smooth 
with respect o z. Thus, an application of Barta's inequality [4] yields that 
0 2 
AI> inf [ -~({(z , t ) )  
-o~.~b[  ~ ' 
0 2 where A1 denotes the first eigenvalue of the homogeneous Dirichlet problem -~/-~ on (a, b); i.e., 
7r 2 
A1 = W:h-V" So there exists z0 E (a, b) such that 
wdxdy < ~1 wdxdy. 
Oz2 (zo) - (~o) 
(2.5) 
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Substituting (2.5) into (2.3) with z = zo, we conclude that 
/o Y'(zo,t)  < A1 wdxdy  - I(t)---~2 < AI#(A)]Ikl]~ a(s) ds - I(t)--~2 - ( zo )  #(A)  - #(A) '  
where I1' ]1oo denotes the norm in L~(fl) .  Now, integrating the last expression with respect o t 
yields 
O < Y(zo,t)  <_ Y(zo,O) 1 for fo °° , (A) ~(s) 2 ds + tAl,(A)llklloo ~(s) ds, 
where 
Y(zo, o) = ~ (s) e~ e~ dy. 
(zo) o(zo,x,y) 
Using (H.3), we obtain that 
0 < Y(zo, t) < Y(zo, O) + #(A----) t  Al#(g)l]k]]oo a(s) ds , 
- - \#(A)  
and we conclude finally that a necessary condition for the solution (u, ¢, A) to exist globally is 
I2 -< (b a(s) ds := 
The theorem is proved. 
Note that the value of T does not depend on a particular u0. 
We now replace condition (R.1) with the following: 
(R.2) fo  k(s) ds < oo. 
Then, we have the following theorem. 
THEOREM 2.2. Let hypotheses (H.1)-(H.5) and (R.2) hold. Then there exists a w~lue I* > 0 
such that ffI0 > I* and (u, ¢, A) is an almost classical solution of (1.1)-(1.6), then u is unbounded 
in ~ x {t > 0}. 
PROOF. Observe first that (2.1), which is still valid under the conditions of Theorem 2.2, and 
HSlder's inequality imply that 
t-(t)2 <- ~'(t)2 fA(o) '~(~') fA(c)~(~)qV¢?. (2.6) 
Now, setting w = fo  k(s) ds, we conclude that in A x [a, b], functions u and w satisfy 
ut - Aw = A(t)2a(u)IV¢l 2, (2.7) 
with Ow = 0 on OA x [a, b]. Next, for any z E (a, b), we integrate (2.7) over A(z) and using the 
same observation (2.4) as in Theorem 2.1, we obtain 
0 udxdy  -~z  wdxdy  =A(t)2a(u) lV¢l  2. 
-~ (~) (~) 
Therefore, (2.6) and Barta's inequality ield that for some z0 c (a, b) 
u dx dy + )~1 sup w dx dy 
Ila]l~#(A) -< ~ (~o) ~c(a,b) (zo) 
) ( ; )  - -  udxdy  +AI#(A) k(s)ds , 
<- Ot (~o) 
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Ot (zo) 
I(t) ~ 
II~ll~o~(A) 
)~l#(n) (~o~k(8)d8) , 
and integrating the last inequality with respect o t implies that  
A udxdy > I dxdy+ 
f 
no 
(zo) JA (zo) 
>__ / UO dx dy 
dn (zo) 
Therefore, if 
1 
ilall~#(A) (fotI(s)2 ds) - tA I#(A) ( f foCCk(s)ds)  
11 
"~r"~P(A) +t ( I~ )hp(A) (fo °° k(s) ds ) )  
Iio-lloop(A) 
(// ) I~ > ,~ll[alloo[#(A)] 2 k(s) ds := (I*)2, 
then the solution u is unbounded and the theorem is proved. 
Observe that  the critical value I* coincides exactly with the critical value of the constant 
current obtained in [1]. This is characterized by the following property: if the current I is greater 
than I*, then there are no stationary solutions of (1.1)--(1.6). 
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